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Abstract 

The class of bounded variation bv^{u,v) of fuzzy numbers introduced by [8] has been investi¬ 
gated further with the help of the generalized weighted mean matrix G{u,v). Imposing some 
restrictions on the matrix G{u,v), we have established it’s relation with different class of se¬ 
quences such as our known classical sets, set of all statistically null difference sequences, Cesaro 
sequences etc. Also we have examined the concepts like equivalent fuzzy number, symmetric 
fuzzy number on this quasilinear space. 
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1 Introduction and preliminaries 


Since the concept of fuzzy numbers, introduced by Zadeh (1965), several mathematicians have 
studied extensively from different aspects of its theory and applications such as fuzzy analysis, 
fuzzy topology, fuzzy measure, fuzzy decision making etc. Motivated by this, many authors [1], 
[6], [7] have introduced new class of sequences of fuzzy numbers and investigated convergence 
and other topological properties. 

Since the set of all fuzzy numbers can be embedded in M, one may think that the results proved 
in reals is a particular case of fuzzy numbers. But as every fuzzy number does not have an 
inverse element with respect to addition i.e. does not form a group structure, so most of the 
facts known for reals may not be valid in fuzzy setting. Therefore this theory is not a mere 
extension of the results hold in M. 

A fuzzy real number A : i? —)■ [0,1] is a fuzzy set which is is normal, fuzzy convex, upper 
semi-continuous and the support = {t € R : X{t) > 0} is compact. Clearly, R is embedded 
in L{R), the set of all fuzzy numbers, in this way: for each r £ R, r £ L{R) is defined as, 


r{t) 


1, t = r 

0, t^r 


Eor, 0 < a < 1, a-cut of a fuzzy number X is defined by X^°‘^ = {t £ R : X{t) > a}. The 
set X^°‘^ is a closed, bounded and non-empty interval for each a £ [0,1]. Eor any two fuzzy 
numbers X,Y, Matloka [2] proved that L{R) is a complete under the following metric. 


d{X,Y) = sup max{|A(") - y(«)|^ 
0<«<1 


where and 


are the lower and upper bound of the a-cut. 
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Theorem 1.1. [9] (Representation Theorem) Let for u € L{R) and for 

each a G [0,1]. Then the following statements hold: 

(i) is a hounded and non-decreasing left continuous function on (0, 1]. 

(a) X^'^^ is a bounded and non-increasing left continuous function on (0, 1]. 

(Hi) The functions and X^^'^ are right continuous at the point a = 0. 


(iv) < X^^\ 


Conversely, if the pair of functions P and Q satisfies the conditions (i)-(iv), then there exists 
a unique X G L{R) such that X^°‘'> = [P{a.),Q{a)] for each a G [0,1]. The fuzzy number X 
corresponding to the pair of functions P and Q is defined by X : R ^ [0,1], X{t) = sup{a : 
P{a) <t< Q{a)}. 


Now we list some basic definitions of fuzzy numbers as discussed in [3], [4] from the algebraic 
point of view. 


Definition 1.1. (i) A fuzzy number S G L{R) is said to he symmetric if S{t) = S{—t) for 

a//1 G ffi i.e. S = —S. 


(ii) For any two fuzzy numbers X,Y, X is said to he equivalent to Y or X ^ Y if and only 
if there exists two symmetric fuzzy numbers Si, S 2 such that 

X + Si = Y + S2 


(in) 


The midpoint function Xm : M ^ [0,1] of a fuzzy number X is defined by assigning the 
mid point of each a-level sets to X^^ for all a G [0,1] i.e. 


X 


(a) 

M 
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Sequences of bounded variation for fuzzy numbers has been investigated by many authors [10], 
[11], [12]. The most recent generalization in this direction is to define bounded variation by 
using the generalized weighted mean. In 2011, Polat et al [5] have taken the definition of 
generalized weighted mean as ; let U be the set of all real sequences u = (un) such that Un 0 
for all n G N. Then consider 


G{u, v) = gnk = 


UkVn, 0 < k < n 
0, k > n. 


for all A:,n G N, where Un depends only on n and Vk only on k. The matrix G{u,v), defined 

above, is called as generalized weighted mean or factorable matrix. Clearly the k-th. row sum 
k 

of G{u,v) is Y. "^kVi. 

i=0 

Motivated by their work, in 2015, Ojha and Srivastava [8] defined the class bv^{u,v) of se¬ 
quences of fuzzy numbers by using the generalized mean matrix G{u, v) as: 


bv^ 


00 K 

{u, u) = |x = (Xk) £ : X] I X] UkVid{AXi,0) < ooj 


k=0 i=0 


and established many topological properties of it. The main aim of this paper is to investigate 
some interesting relation of the above quasilinear space with other known classical sets of 
sequences of fuzzy numbers by imposing conditions on u,v or on the matrix G{u,v). 
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2 Main results 

Theorem 2.1. (i) The set 1^ C bv^{u,v) if v = {vi) £ Iq and u = (ui) € h for 1 < p < oo 

where | + ^ = 1. 

(a) For p = oo, C bv^{u,v) if the row sum ofG{u,v) is in li. 


The inclusion is strict in sense in both cases. 


Proof. We shall give the proof for 1 < p < oo. Let (X^) £ and (fj) £ Iq. Then 3 M > 0 
such that '^d{Xk,0y = M. Now, 


'^UkVid{AXi,0) 


i=0 


< 


'^UkVid{Xi,0) +^'^UkVid{Xi+i,0) 
i=0 i=0 

k k 

< \uk\ ^ \vid{Xi,0)\ + \uk\ ^ \vid{Xi+i,0)\ 

i=0 i=0 

2=0 2=0 
k 


i=0 


i=0 


i=0 


So (Xfc) £ bv^{u,v) if (tij) £ li. 

The case p = oo follows almost the same lines.. So we omit it. 

To prove that the inclusion is strict, let us consider the following example. 

Example 2.1. Let p = oo and = 1 for all k. Clearly in this case, q = 1. 


Now define (X^) as 


And so 


k 

'^UkVi 

i=0 




i=0 


1 


£ h. 


( k, k odd 
\ Q, k even 


d{AXk, 0) 


k, k odd 
k + 1, k even 


Without any loss of generality take k as odd. Then 


vid{AXi,0) + U3d(AX3,0) H-h Vkd{AXk,0) 

and vod{AXo, 0) + V 2 d{AX 2 , 0 ) H-h Vk-id{AXk-i,0) 


1 + 3 + • • • + /c = 
l + 3 + --- + k = k'^ 


k 

'^UkVid{AXi,0) 

1=0 


sum at all odd points + sum at all even points 



2 

A?2 


£ h. 


So (Xfe) ^ l^ but (Xfc) £ bv^{u,v). 
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□ 


Remark 2.1. We can also prove similar result i.e. lp{^) C bv^{u,v) by taking the same 
conditions. 

Theorem 2.2. The limit of a sequence in c^(A) is preserved under the metric in bv^{u,v) if 
the row sum of the matrix G{u,v) are in li. 

Proof. Let = {Xf) be a sequence in c^(A) converging to X = (Xj). Then under the 
metric defined by Savas [6], we have 

p(X", X) —^ 0 as n —^ oo 

i.e. (i(XQ , Xq) + sup(i(AX”, AXj) ^ 0 as n —oo 

i 

So ^(Xq ,Xo) 0 and sup(i(AXf, AXj) ^ 0 as n —>■ oo (1) 

i 

Also since the row sum of the matrix G{u,v) are in li, so there exists M > 0 such that 

oo k k 

Yl, I Y '^kVi\ = M and lim ( Y '^kVi) = 0. Now the metric in bv^{u,v) as in [8], 

k=0 i=0 fc—>-cx) j_g 

OO k 

D{X^,X) = |noUod(X",Xo)| +J]|^UfcUid(AXf,AX,)| 

k=0 i=0 


Since (uj), (uj) G U, so 


uoUod(XQ ,Xo) ^ 0 and from (1), since sup (i(AX”, AXj) —>■ 0 as n —>■ oo 

i 

so, d{AXf, AXj) —>■ 0 as n ^ oo for each i 
k 

i.e. ^^UhVid{AXf, AXi) 0 

1=0 

Then 

OO k OO k 

I UkVidjAXf, AXi)\ < supd(AXf, AXj) ^ I 

A:=0 i=0 * k=0 i=0 

= Msup(i(AX”, AXf) ^ 0 as n —>■ oo follows from (1) 


So we can conclude H(X"’,X) ^ 0 as n ^ oo. So, the limit is same in bv^{u,v). This 
completes the proof. □ 


Theorem 2.3. If the infimum of the row sum of G{u, v) exists and greater than 0, then 
bv^{u,v) C Sq{A) where Sq (A) is the set of all statistically null difference sequences of fuzzy 
numbers [1]. 


Proof. Let (X^) € bv^{u,v), then Y 


k 


Y UkVid{AXi,0) 

i=0 


M, (say). Now for any e > 0 and 


UK K 

M = ElE UfcUid(AXj,0)| > ejjA: < n : j ^ UfcUj(i(AXj, 0)| > e| 


k=0 2=0 


2=0 


(2) 
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In the R.H.S |{•}| means the cardinality of the enclosed set. Since the infimum of the row sum 

k 

of the matrix G{u, v) exists, so take inf | ^ UkVi\ = m Then m > 0 by given condition. 

^ i=0 


'^UkVid{AXi,0) 


> m E d(AX„0) 

i=0 

k 

|A: < n : m(i(AXj, 0) > e| C |A: < n : j tifcUid(AXj, 0) > 
2 = 0 2 = 0 

k k 

i.e. < n : d{AXi,0) > —| C |A: < n : j UkVid{AXi,0) > 


So 


i=0 

k 


( 3 ) 


i=0 


i=0 


Also, d{AXi,0) > d{AXk,0) for each k. Thus we get 

i=0 


\k<n: d{AXi,0) >—} <^\k<n: Vd(AAi,0) > —} (4) 

I m J f m j 

i=0 

Combining (3) and (4) we get 


i=0 


|/i; < n : d(AXj, 0) >—| < |A: < n ; | rifcUid(AAj, 0) ^ 
Thus from (2), we get 

|/c < n : d{AXi,0) > — I 
I m) 


£ ■ 


m. 
£ 


< M 


\k <n: d{AXi,0) > —I 
f m) 


< 


XI 


n 


0 as n —7> oo. 


st 


Since e > 0 is arbitrary, so AA„ —)■ 0 as n —oo. This completes the proof. 


□ 


Theorem 2.4. Let (X^) be a Cesaro sequence of fuzzy numbers converges to some L G L{R), 
then (Xk) G bv^{u,v) if the row sum of the matrix G{u',v) are in li where u' = {u'jf) = kuk- 

Proof. Since {Xjf) is a Cesaro sequence converges to L, so for some integer ko such that 


rE<'(Vi.i) 

2=0 

k 

Soi^d(A„0) 

2=0 

k 

i.e. ^d(Ai,0) 
i=0 


< £ y k > ko 

k 

^ l'Eid{X,,L)+d(L,0)] 

i=0 

< £ + d{L, 0) whenever k > ko 

< k[£ + d{L, b)] whenever k > ko 
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Now for all k > 

k 


'^UkVid{AXi,0) 


i=0 


< 


< 


< 


< 


i=0 


I ^ UkVid{Xi,0) + I ^ UkVid{Xi+i,0) 

2=0 2=0 

k k 

kfcl I ^ Vik{e + d{L, 0)) + ^ Vik{e + d{L, 0)) 

i=0 

k 

(e + d(L,0))|ttfc|| y^^Vjlk 

i=0 

k 

2(e + d(L,0)) \kuk\\ ^ V: 


i=0 


Now considering, u'^ = kuk, we get our required result. 


□ 


Theorem 2.5. Let {Xi), (1^) he two sequences of fuzzy numbers such that Xi ~ Yi i.e. Xi + 
Si = Yi + S’' where Si,S^ are symmetric fuzzy numbers. If Si, and the row sum of 

G{u,v) are in h, then {Xi) G bv^{u,v) ^ {Yi) G bv^{u,v). 

Proof. It is enough to prove it for one-sided implication. Let (Xj) G bv^{u, v). Since {Si) G l^, 
so {Si) G bv^{u,v) as the row sum of G{u,v) are in li. 

=> {Xi -|- Si) G bv^{u,v) as bv^{u,v) is closed under addition. 

^ {Yi + S[) G bv^{u, v) since X* -|- S'* = T* -|- S[. 

Now we only have to show that {Yi) G bv^{u,v). 

k k k 

I < \'^UkVid{AYi,A{Yi +S'i))\ + \'^UkVid{A{Yi +Si),0)\ 


1=0 


1=0 

k 


i=0 


< 


\'^UkVid{0,ASi)\ -h \ '^UkVid{A{Yi + S''),0)| 


i=0 


i=0 


Since d{X + Z,Y + Z) = d{X, Y) where X,Y,Z G L{R) 

< oo 

^ (Yi) G bv^{u, v). The converse implication follows the same lines. This proves the theorem. 

□ 

Theorem 2.6. Let {XM,i) be the sequence of midpoint function of the of the sequence of fuzzy 
numbers {Xi) for each i. Then (Xj) G bv^{u,v) {XM,i) € bv^{u,v). 

(g) _„,.rw0—0^ 


Proof. For any fuzzy number X, we know XY = 


-. Also, d{X,0) = max{X'^,X } 


d{XM,0) = 


X0 + X° 


As the upper and lower cut are same for Xm 


< max{X°,X°} = d(X,0) 


( 5 ) 
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Now for a sequence of midpoint fuzzy numbers {XM,i) of {Xi), we can have 


XXm,! — XM,i — XM,i+l 

~ 2 2 

~ 2 2 

~ 2 2 
= {XX,)m 

and so 


d{AXM,i,0) 

k 

'^UkVid{AXM,i,0) 

i=0 


— d{{AXi)M,0) 

k 

= ^ UkVid{{AXi)M,0) 


i=0 

k 


< 


''^^UkVid{AXi,0) Follows from (5) 


i=0 


From the above inequality it is clear that if (Xi) € bv^{u,v), then {XM,i) G bv^{u,v). 


□ 


Remark 2.2. The converse of the above is not true in general i.e. {XM,i) £ bv^{u,v) for 
some (Xi) does not imply (Xi) G bv^(u,v). To show this, let us take (Xk) be the triangular 
fuzzy number [—k,0,k]. Then clearly, for each a G [0,1], we have XM,k = 0 for all k. So for 
any choice of (u,v), (Xm^i) G hv^(u,v). Whereas, AXk = Xk — Xk+i = [—A:,0,A:] — [—k — 
1,0,/i; + 1] = [—2k — 1,0, 2A; + 1] and therefore d(AXk,0) = 2k + 1 which does not belong to 
bv^(u,v) for some suitable choice of (u,v). 

IFe already know that equivalent fuzzy numbers have same mid point. But due to the fact that 
sequence of midpoint fuzzy numbers belong to bv^(u,v) does not confirm (Xi) G bv^(u,v), so, 
the above two theorems can not be equivalent. 
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